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T h e  LHK computer  code i s  desc r ibed  he re in  a s  
it existed on July 30 ,  1964 . The code has  been in 
continuous development fo r  - 1 y e a r  and i n  i t s  p re sen ted  
f o r m  h a s  been applied successfu l ly  by Genera l  Atomic 
to  the kind of p rob lems  d i scussed  l a t e r  in th i s  r epor t .  
However ,  the development and improvement  of the  code 
a r e  being continued, s o  that  duplication of r e s u l t s  (or even 
c lose  ag reemen t )  between p rob lems  run with the code a s  I 

publishedand the  code a s  it exis ted e i ther  before  o r  a f t e r  
t h i s  t ime i s  not n e c e s s a r i l y  to  be  expected. 

? 

Genera l  Atomic has  exe rc i sed  due c a r e  in  prepara t ion ,  
but does not war ran t  the  merchantabi l i ty ,  accu racy ,  and 
comple teness  of the  code o r  of i t s  descr ip t ion  contained 
herein.  'The complexity of th i s  kind of p r o g r a m  prec ludes  
any  guarantee to  that  effect .  The re fo re ,  any u s e r  m u s t  
m a k e  h is  own de termina t ion  of the sui tabi l i ty  of t he  code 
f o r  a n y  spec i f i c  use, and of the val idi tyof  the  information 
produced by u s e  of the code. 
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INTRODUCTION 

This report  describes the code LHK, which calculates  double-differ- 

e n t i a l  cross sections,  t o t a l  cross sect ions,  and kernels f o r  l i q u i d  para- 

and ortho-hydrogen. The physical model and der ivat ion of the  equations 

a re  given i n  reference (1). 

Section I presents t he  equations as they are  used i n  t h e  code; Sec- 

t i o n  I1 provides an over-al l  description of the  code and comments about 

various subroutines; I11 discusses the  various approximations used, t h e i r  

e f f e c t s ,  and some of the  checks made; IV describes additions t o  the  code 
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I. The Equations 

The equations given here a re  those of reference (1) rewri t ten so 

t h a t  subscripts number from one up, ra ther  than from 0, f o r  ease i n  

programming. Some simple regrouping has been done, again f o r  cenvenience . 

jT1,2,. . . c 

5 n-1 

c 
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2 When x /8W << 1, the simpler expressions below may be used: 

4=1,2,. . . 

k=1,2,. . . 

where t h e  j (a) are the  spher ica l  bessel  f inc t ions  defined by 4 

2a-11 
(x) = - j ( 4 - j  (x)  . s i n  x s in (x1  - cos(x) , 

;t+l a a -1 
j o (x )  = +, j 1 (XI:= X 2 X 

+ +  
Here, Eo = i n i t i a l  neutron energy, E = f ina l  neutron energy, p = f 2 * R ' ,  

and kT = l i q u i d  hydrogen temperature in  ev. 

* a re  defined by The An,a' 

(3 )  
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+ 
- -3 -A 3 *oo 3z A +  n 02 - e COSa + ('x -1) - - 2 4x ' 2 

recursively for higher 4 by 

+ + & + a b -  c 

AoR 0,d-1 %,l+l 
+ - 26+1 

Ao,R+2 - 2A(R+2)(2R-1) 

and, for 11 > 0, 

I 

Here 

X and a are used independently in the code although they are related; the 

choice of which to use is made for convenience. 



These recursion relat ions break down a t  high R f o r  X 5 2 

where the  following expansion i s  used: 

+ E 
= 2 i  j,(a) “,e A = 0,2,4, ..... + = 2(-1) A/* (a )) 

,jQ 

In  the code, the A are rewrit ten so that  n and run from 1 up 
- 

i f  R+1 + ra ther  than from 0. 

i s  odd. 

Then, A n, Q i s  used if b + l  i s  even, and A n, Q 

11. Code Description 

The overa l l  s t ructure  of the  code i s  borrowed from a General Atomic 

code f o r  the  calculat ion of Nelkin water kernels. 

but an intermediate version i s  described i n  reference ( 2 ) .  

This  code i s  undocumented, 

Given a set of energies and angles, t he  code calculates  the  double- 

d i f f e r e n t i a l  cross sections f o r  selected energy pa i r s  (those corresponding 

t o  down-scattering), integrates  over angle t o  form the Legendre moments 

(the kernels),  forms the  upscattering half of t he  sca t te r ing  matrix by 

de ta i l ed  balance, and f i n a l l y  integrates  over f i n a l  energies t o  form t o t a l  

cross  sect ions.  



6 

The double-differential  cross sections f o r  both para- snd ortho- 

hydrogen a re  produced a t  ' t he  same tine by subroutine LHX (Eqs . (1) and (2)) 

using subroutine CC t o  evaluate the  A 

2 f o r  K /8m 

f 
(Eqs. (4) ,  ( 5 ) ,  (6) and (7)) or ,  n,a 

1, subroutine LHL$%d ( E q s .  (la) and (2a)) using CSB f o r  t h e  

(eq. ( 3 ) ) .  

The angular integrat ion w a s  a matter of sone concern. Plots  of 

"(E,Eo,U) indicated t h a t  a fixed set of angles probably did not produce 

very r e l i ab le  kernels and t o t a l  cross sections. 

in tegra t ion  routine was inser ted  t o  avoid t h i s  d i f f i c u l t y .  

var ies  t h e  energies as follows: 

energies a re  chosen from Eo.down t o  Emin, the  lowest energy i n  t h e  l i s t .  

Inspection-of angular p lo t s  of g(E,Eo,p) as E goes from Eo t o  Emin 

ind ica tes  t h a t  t he  function i s  sharply peaked toward Ll = +1 f o r  Eo 2 E, 

and becomes f a i r l y  smooth i n  angle as E -. Enin, with the  peak moving 

smoothly if the  energy var ia t ion  i s  made i n  small increments. 

A double-gaussian 

The code 

f o r  a fixed i n i t i a l  energy Eo, f inal  

The ranges 

f o r  t he  double-gaussian quzdrature a r e  therefore chosen so: f o r  E = Eo 

the  in t e rva l  (-1,l) i s  s p l i t  at 0.9 into two ranges, (-1,.9) and (.9,1). 

Thereafter, fo r  a f ixed Eo, the  peak of t h e  angular var ia t ion  of 0 (E E ,V) p i' o 
i s  used f o r  the  s p l i t  angle, 8,  f o r  the quadrature f o r  the  next lower 

energy, ap(Ei,l,Eo,P). The double-range formula f o r  a s p l i t  angle 8 

where w; and pi are weights and abscissae f o r  the in t e rva l  (-lJl), 
* 

j ( x b  Z W i f ( Q  W.=l, 1 

-1 i=l i=l 

i s  given by 

i=l [ 
%) 2 + - 1-8 2 1  w. f (Lli 9 + 
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The spherical  bessel  functions (Eqs. ( 3 ) )  a r e  calculated i n  the  

subroutine CSB by a backward recursion t e ~ h n i q u e ' ~ )  to avoid numerical 

d i f f i c u l t i e s  encountered i n  sane ranges of the argument when using the  

d i r ec t  approach. 

small number (say 

j&(CL), R=n-2,. , . ,O. 

f o r  a < 1. 

of high order values, produces a set  of values which satisfies the recursion 

r e l a t ion  but -not f u l f i l l  the additional condition jo(U) = sin(a)/S. 

se r i e s  of values i s  normalizedto th i s  value of j 

representation of the  j (a) f o r  L C n, since e r ro r s  introduced by the  

a rb i t r a ry  choice of jn(U) and jn-,(a) damp out  if jn-l(u) i s  t r u l y  s m a l l  

compared t o  the  values of j,(u) for  t he  range of i n t e re s t  of a .  

I n  t h i s  method, j n ( U )  is  s e t  t o  0, $-l(a) t o  an a rb i t r a ry  

and the recursion r e l a t i o n  is  used t o  obtain the  

Here n i s  chosen as 30 f o r  a 2 1.0, and depends on U 

The backward recursion, s t a r t i n g  with these a rb i t r a ry  choices 

The 

which gives a correct  
0, 

a 

+ 
OQ 

The basic in t eg ra l  A (a , l )  i s  calculated by a repeated 10-point 

gaussian quadrature r o u t i n e ,  i n  which the number of points used is made 

t o  depend on a. 

a re  used, where n i s  the integer part of a/n. 

the  integrand i s  slowly-varying between integrat ion points .  

For c: n ,  10 points are used. For u > n, n X 10 points  

This procedure ensures that 

Since Po and P1 kernels for both para- and ortho-hydrogen more than 

f i l l  the memory f o r  any reasonable energy mesh, the ortho-hydrogen kernels 

a re  stored on a scratch tape as they are  calculated by the  routines 

and w.  
been collected,  the block i s  written on tape. 

controlled by rout ines  B I  and XBI, which supply one word a t  a time t o  the  

ca l l ing  program, reading i n  a block of 100 whenever necessary. 

were mandatory f o r  the 7090 t o  reduce t h e  amount of tape used and the  time 

These a re  supplied information one word a t  a time; when 100 have 

Reading the information back i s  

These routines 

spent i n  wri t ing and reading tapes; they a re  probably l e s s  necessary f o r  the 

7044 but have been l e f t  i n  t o  avoid reprogramming. 
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111. Approximations and Checks 

The simpler expressions f o r  '2 (E,Eo,\1) and ao(E,Eo,u) given by ( l a . )  
P 
E-, provided the  i n i t i a l  energy E- < R_, . 2 and (2a )  are  used whenever ~t ,/811tu 

LL 

I; value of Ec2 = .01 has joined these expressions 

exGressions (1) and (2 )  for 3 = 0.3 ev. Higher 

say, should be t r i e d .  Zcl should probably not be 

cl 

L A  ,. " 

smoothly t o  the  regular 

values of Ec2, up t o  0.1 

any grea te r  than 0.3, 

since expressions ( la )  and (2a) do noz apply above the f i rs t  v ibra t iona l  I-evei. 

The nunbcr of v ibra t iona l  l eve l s  t r ea t ed  i s  now given by the smal.le:;t 

in teger  n (one greater  than the  number of v ibra t iona l  quanta) sa t i s fy ing  

The .largest nuriber of rotat lonal  Levels allowed i s  now s e t  t o  15, 
.L 
.I 

which allo:~s for init ia.1 encrgies up t o  l . 0  ev. The An,l! a r e  calculated 

foi- n vibrat ional  level:; arid 1 5  rotct ional  levc ls  R l l a y S ;  the  SUKS i n  ( I )  

and (2 )  being truncated i n  (when no fur ther  s ign i f icant  contribution i s  

made) as follows: f o r  n = 1, A goes from 1 t o  3 always, and stops when 

either 2 reaches 15 o r  the a rgmen i  of t h o  ortho exponentiai term (since 

t h i s  peaks a t  a higher 2 then the p e r a -  term) i s  incrcasirg and the  tern 

i t s e l f  i s  l e s s  than lf7. For n > 1, the sum i s  truncated as above f o r  

any value of R from 2 t o  15. 
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For 7, 5 2 the  A a r e  calculated with eq. (7) using terms i n  v n, 2 
-4 -4 . A cutoff value of 10 up t o  the vmax f o r  which ( A  )"/VI 3 10. 

duces double-differential  cross sections d i f fe r ing  i n  the t h i r d  or  fourth 

place from those calculated with a cutoff of 

pro- 

A cutoff value of 

has so  far been found t o  be consistant w i t h  V < 10 fo r  a maximum max S 

energy of 1 ev. 

-3 A consistency check was macle by comparing the A for l = 2klO , 
n,a 

so that t he  e,qansion and recursion techniques were used f o r  very nearly 

equal arguments. 

expected agreemcnt. 

The two methods produced answers well  within the 

Hand checks of both methods were a l so  made. 

The spherical  bessel  functions, j,(a), used i n  E a s .  ( l a )  and (2a) 

an6 i n  i he  expension form of the  A 

several ways t o  check the  methods used. 

was found t o  break down for various ranges of the argument. The backward 

recursion technique gives suff ic ient  accuracy over the ranges of' argument 

encountered (the ranges a re  l i m i t e d  by X 4 2 ard ?t2/8m1 <C Ec2).  

f o r  X 5 2 have been calculated n, R 
The forward recursion rel-ation 

I V .  Proposed Changes 
-.-_ 

Shouid it ever be necessary t o  generate kernels with more than 

about ?Q energy points ,  data that i s  now l e f t  i n  cor? would have t o  be 

s tored m tap for l a t e r  use, 

t a m ,  releasing about 6400 locations.  

and cal.culsting t o t a l  Po cross sections, the P 

The Pi para kernel could eas i ly  be ;>ut, on 

After punching the  P para kernel 
0 

kernel could be read back 1 
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i n to  the locat ion occupied by the  P kernel, punched, and have t o t a l  P1 

cross sect ions calculated.  The ortho kernels could then be t rea ted  the 
0 

same way. 

The basic  calculat ion could be speeded up considerably i f  a simple 

method of predicting the  number of terms needed i n  1 i n  Eqs. (l), ( l a )  

and (21, (2a) were available;  t h i s  would eliminate unnecessary calcu- 

n,2' l a t i ons  of the A 

"he current version of t he  code calculates  cross sections f o r  

l i qu id  hydrogen only. 

the  formulation given i n  reference (1) i n  terms of t he  Clebsch-Gordon 

coef f ic ien ts  which allows f o r  t rea t ing  molecular hydrogen a t  much higher 

The basic subroutine LHK could be rewrit ten using 

temperatures. 

The code could e a s i l y  be modified t o  calculate  molecular deuterium 

cross sections,  a s  given i n  reference (1). 

An addi t ional  calculat ion option might be added t o  calculate  

The coding t o  do t h i s  would be t h e  same as t h e  kernel generating 

sect ion of the  code, with the angle integrat ion deleted.  

possible t o  combine t h i s  so r t  of calculat ion with a kernel calculat ion 

s ince the  double-gaussian quadrature used f o r  the kernels does not pro- 

duce the  same s e t  of angles f o r  various f i n a l  energies with fixed i n i t i a l  

energies.  

It i s  not 

V.  Input 

Various constants are  bu i l t  i n t o  the program, and are  set i n  the  

2 subroutines SETLHK. They are  : h2 = 0.433192 x (ev. sec) , 
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, 

-24 :u = 0.54617 ev, proton mass = 1.67243 x 10 

separation a = 0.75 8, and the coherent and incoherent sca t te r ing  

gm, the  equilibrium atomic 

amplitudes a = 0.0352 and ai 1.586. 
C 

Card - Format Name Description 

1 13A6,IZ HPLREC, label ,  columns 73-78 a re  output kernel 
card labe l .  

I P  

2 3n.O74E10 ID, NE, 
NA, T, 
BARNS, 
EC1 , EC2 

3 I10 , E10 IBUG , 
mmLM 

IP > 0 t o  p r i n t  double d i f f e r e n t i a l  data  
during kernel calculat ion.  I P  =O t o  
eliminate t h i s  pr int ing.  

I D  = numeric iden t i f i ca t ion  

NE = number of energies 

NA = number o f  angles 

T = Temperature i n  ev divided by 0.0253 

BARNS = bound hydrogen cross sect ion 
(81.6 bar=) 

EC1 = highest energy a t  which ( l a )  and 
(2a) may be used (0.3). 

and (2a) may be used i f  Eo < ECl(0.01) . 
2 EC2 = value of it / 8 ~  below which (la) 

IBUG = 0 f o r  kernel calculat ion 

= 2 fo r  double-differential  cross 
sect ion calculat ion 

AMULM= l i m i t  of absolute value of divis ion 
point 0 of angular integrat ion 
range f o r  double-gaussian quadra- 
t u re  (see Eq. (8) ). AMUIM set t o  
0.9 i f  l e f t  blank. 

Section A I€ IBUG = 0, continue input from Section B 

4a 2110 I W S  , " U S  = number of angles f o r  double- 
NES d i f f e r e n t i a l  calculat ion 

NES = number of energies f o r  double- 
d i f f e r e n t i a l  calculat ion.  
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- Card Format Name Description 

5a 2E20 D,M NMUS values of angles, expressed as D 
degrees and M minutes (one angle per 
card),  

6a 7310 E 

Return t o  card 4a f o r  next 
problem input.  

NES energies. 
i s  used as i n i t i a l  energy, and double- 
d i f f e ren t i a l  cross sections from t h i s  
energy t o  a l l  the others  a t  a l l  
are  calculated E 

The last  (highest)  energy 

the angles 

Section B (IBUG=O) 

if NA > 0 it must be 15, i n  which case a s e t  of 15 gaussian 
weights and angles are supplied by the  code f o r  the angular 
integrations.  Skip t o  card 6b. 

i f  NA < 0, a double-gaussian quadrature i s  t o  be used, with 
N = -NA points  ( N  ,< 7) i n  each of the two halves of t he  range, 
w i t h  the  additional input of cards 4b and 5b. 

4b 7E10 AV N values of angles f o r  double-gaussian 
quadrature, 

5b 7E10 AWV N values of weights f o r  double-gaussian 
quadrature (a. weights 5 1.0) . 

6b 6~12 E NE values of energy f o r  kernel calculation. 

Return t o  card 1 f o r  next problem input. 
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